We give a brief survey on some classical and recent results concerning the generalized Lebesgue-Ramanujan-Nagell equation. Moreover, we solve completely the equation x 2 + 11 a 17 b = y n in nonnegative integer unknowns with n ≥ 3 and gcd(x, y) = 1.
Lewis and Skolem [32] gave an other proof which uses Skolem's p-adic method (see also Hasse [43] ). In 1960, Apéry [3] showed that if D > 0 is a given positive integer with D ≡ 7 (mod 8), D = 7 then the equation
has at most two positive integer solutions (x, n). Note that equation (2) 
Browkin and Schinzel [21] conjectured that apart from the values D occurring in (3) equation (2) has at most one solution. By making a clever use of the hypergeometric method Beukers [17] confirmed the conjecture of Browkin and Schinzel.
Since then several extensions concerning equation (2) have been considered by many authors. Let D 1 , D 2 , a, b be given non-zero integers with D 1 ≥ 1, a ≥ 1, b ≥ 2 and suppose that gcd(b, D 1 D 2 ) = 1. Consider the equation 
Thus there exist infinitely many pairs (p, D 2 ) for which equation (5) has exactly two solutions. Later several papers appeared improving the upper bound on the number of solutions of (5). For instance, Bender and Herzberg [11] proved that if p is sufficiently large compared to D 2 , that is p > C(D 2 ) with C(D 2 ) effectively computable, then apart from the pairs (p, D 2 ) belonging to (6) we have N (1, 1, D 2 , p) ≤ 1. As a consequence of a more general result, Le [49] proved that there exists an absolute constant C 1 such that N (1, 1, D 2 , p) ≤ 1 if max{D 2 , p} > C 1 , unless (p, D 2 ) is given by (6). It was already noted by Beukers [17] that distinct solutions in positive integers x and n to (5) correspond to integers m ≥ 2 for which
where λ is an algebraic integer in Q( √ −D 2 ) and λ c denotes the complex conjugate of λ. By applying the powerful result of Bilu, Hanrot and Voutier [19] 
He then obtained many results on equation (4) including an uniform upper bound for the number of solutions N (a, D 1 , D 2 , p) of (4). More precisely, he proved that for equation (4) satisfying assumptions (7) with b = p a prime one has
except for N (4, 1, 7, 2) = 5 and N (4, 3, 5, 2) = N (4, 1, 11, 3) = N (4, 1, 19, 5) = 3 (see [51] , [52] ). We mention that the above theorem is sharp in the sense that there are infinite families of (D 1 , D 2 , p) with N (1, 1, D 2 , p) = 2 (see (6)). By using the above mentioned result of Bilu, Hanrot and Voutier on primitive divisors of Luca and Lehmer sequences, Bugeaud and Shorey [25] considerably improved this result by means of the exact determination of all triples (D 1 , D 2 , p) for which equation (4) under assumptions (7) has more than one solution. Namely, they proved that if one considers equation (4) satisfying assumptions (7) with b = p a prime then we have
except for N (4, 13, 3, 2) = N (2, 7, 11, 3) = N (4, 7, 1, 2) = N (2, 1, 1, 5) = N (2, 1, 1, 13) = N (4, 1, 3, 7) = N (1, 6, 1, 7) = 2, N (1, 2, 1, 3) = 3, and when (D 1 , D 2 , p) belongs to one of three explicitly given infinite families (see the terminology of [25] ). In the latter case, we always have N (a, D 1 , D 2 , p) = 2, except for N (4, 1, 7, 2) = 5 and N (4, 3, 5, 2) = N (4, 1, 11, 3) = N (4, 1, 19, 5) = 3. Note, that the cases N (1, 2, 1, 3) = 3 and N (1, 6, 1, 7) = 2 were proved by Leu and Li [58] and Mollin [67], respectively. By applying the theory of binary quadratic forms Saradha and Srinivasan [78] gave a necessary condition under which equation (4) has no solution. Using this result they solved completely several equations of the form (4) with D 1 = 1 and b = p, a prime (see e.g. Theorems 1.3-1.6 of [78] ). Equation (4) was also considered in the case when b is a positive composite integer. 
are solutions of the equation (4) with a = 1, D 1 = 1, b = 2. Le [45] improved this result by proving among others that if D 2 = −(2 2k − 3 · 2 k+1 + 1) with k ≥ 3, then there are at most three solutions to (4) with a = 1,
In [18] Beukers extended his investigations concerning equation (4) wit b = p an odd prime. He showed that if a = D 1 = 1, D 2 < 0 is fixed and p an odd prime not dividing D 2 then equation (4) has at most four solutions (i.e. N (1, 1, D 2 , p) ≤ 4). Further, he gave a family of such equations having three solutions. Namely, let m ≥ 1, l ≥ 1, ε ∈ {±1} and suppose that p is an odd prime of the form p = 4m 2 +ε and let
Here we mention a result of Yuan [95], who proved that For further generalizations and extensions of equations of Ramanujan-Nagell type (4) the interested reader may consult some results of de Weger [92] . By applying the theory on linear forms in logarithms of algebraic numbers, the basis reduction algorithm of Lenstra, Lenstra and Lovász [57] , and the Fincke-Pohst algorithm (see [39] ) for finding short lattice vectors, de Weger [92] extended the theory into two more directions. In the first place he studied for fixed integer k and primes p 1 , . . . , p s the generalized Ramanujan-Nagell equation
As an illustration of his method he computed all 16 nonnegative numbers x such that x 2 + 7 has no prime divisors larger than 20 explicitly, the largest being y = 273. Secondly, he considered the equation
in integers x, y, z with x > z, y > 0, x and |z| composed of fixed primes. As an illustration he computed all 388 solutions where x and |z| are composed of the primes 2, 3, 5 and 7, the largest solution being 199290375 − 686 = 14117 2 . For further developments into this direction see e.g. Smart [83] and Wildanger [93].
Generalized Lebesque-Nagell equations
There are many results concerning the equation
where D > 0 is a given integer and x, y, n are positive integer unknowns with n ≥ 3. Results obtained for general superelliptic equations clearly provide effective finiteness results for this equation, too (see for example [82] , [80] , [14] and the references given there). 
The equation x

. . , p s } denote a set of distinct primes and S the set of nonzero integers composed only of primes from S. Put P := max{p 1 , . . . , p s } and denote by Q the product of the primes of S. In recent years, equation (8) has been considered also in the more general case when D is no longer fixed but D ∈ S with D > 0. It follows from Theorem 2 of Shorey, van der Poorten, Tijdeman and Schinzel [81] that in (8) n can be bounded from above by an effectively computable constant depending only on P and s. Győry, Pink and Pintér [42] derived an effective upper bound for n which depends only on Q.
Cohn [34] showed that if D = 2 2k+1 then equation (8) 
where b is a nonnegative integer which is not necessarily 1. To give an exhaustive survey on results in this direction is beyond the scope of this paper.
Hence we only mention a few papers dealing with equations of type (9). The interested reader may consult these papers an the references therein.
In connection with equation (9) we only mention some results of Bugeaud and Shorey [25] , where among other important resuts, they solved completely (9) with (D, b) = (7, 4). Further, in the same paper they determined all the solutions of (9) (8) and (9) we mention some excellent surveys of Abu Muriefah and Bugeaud [24] and Saradha and Srinivasan [79] . For recent surveys we refer to Hu and Le [44] and Virgolici [91], respectively.
The "classical" method and a new result
In this section we would like to present the method which is most important for the proof of most results claiming complete solution of Lebesgue-Nagell type equations. The key ingredient of this method is the powerful result of Bilu, Hanrot and Voutier [19] concerning primitive prime prime divisors of Lucas sequences. To illustrate the method we solve completely the equation Proof. We note that since n ≥ 3, it follows that n is either a multiple of 4, or n is a multiple of an odd prime p. Furthermore, if d | n is such that d ∈ {4, p} with p an odd prime and (x, y, a, b, n) is a solution of our equation (10), then (x, y n/d , a, b, d) is also a solution of our equation (10) satisfying the same restrictions. Thus, we may replace n by d and y by y n /d, and from now on assume that n ∈ {3, 4} or n ≥ 5 a prime. Hence, in what follows we will distinguish between the cases n ∈ {3, 4} and n ≥ 5 a prime.
T he cases n ∈ {3, 4}.
In these cases we apply the following approach: we transform equation (10) into several elliptic equations written in cubic and quartic models, respectively, for which we need to determine all their {11,17}-integral points.
For n = 3 we write a and b in the form a = 6a 1 + a 2 , b = 6b 1 + b 2 , where a 1 , b 1 , a 2 , b 2 are nonnegative integers with a 2 , b 2 ∈ {0, 1, 2, 3, 4, 5}. Hence equation (10) takes the form
where
Now, we use an appropriate program package (e.g. MAGMA [20] ) to determine the S-integral points on the elliptic curves occurring in (12), where in our case S = {11, 17}. The solutions to (12) Then, by using substitution (13) we infer that the solutions of our original equation (10) satisfying (11) Next, we consider equation (10) satisfying (11) with n = 4. We apply a similar argument as above. Namely, if n = 4 we reduce our equation (10) 
We use MAGMA again to find all S-integral points on the Ljunggren-type curve (14) and to conclude that the only solution of (14) with X > 0 and Y > 0 is (X, Y, a 2 , b 2 ) = (8, 3, 0, 1). This implies, via the transformation (15), that our original equation (10) has only one solution satisfying (11) with n = 4. Namely, we get (x, y, a, b, n) = (8, 3, 0, 1, 4).
T he case n ≥ 5 a prime.
In this case the Primitive Divisor Theorem of Bilu, Hanrot and Voutier [19] can be applied very efficiently.
Recall that a Lucas-pair is a pair (α, β) of algebraic integers such that α + β and αβ are non-zero coprime rational integers and α/β is not a root of unity. Given a Lucas-pair (α, β) one defines the corresponding Lucas sequence by
is a prime then L n has a primitive prime divisor except for finitely many pairs (α, β) which are explicitly determined in Table 1 of [19] .
We are now in position to finish the proof of Theorem 3.1. We write equation (10) in the form
where dc 2 = 11 a 17 b and d > 0 is the square-free part of 11 a 17 b , that is d ∈ {1, 11, 17, 187} according to the parities of the exponents a and b. By factorizing the above equation in the imaginary quadratic field
By reducing equation (10) modulo 8 we easily see that x is even and y is odd. Since gcd(x, y) = 1, a standard argument shows that the ideals ( {1, 1, 4, 2} according to d ∈ {1, 11, 17, 187} , respectively. Since n ≥ 5 is prime we obtain that gcd(h(−d), n) = 1 and so (16) implies that
where δ is an algebraic integer in K and ε is a unit in K. The group of units of
, 17, 187}. Thus, since n ≥ 5 is prime, the unit factor ε occurring in (17) can be absorbed into δ n . More precisely, we may write
for some algebraic integer γ. Furthermore, {1, √ −d} is an integral basis for
} is an integral basis for O K . Hence we may write γ occurring in (18) in the form
where either both u and v are integers, or both 2u and 2v are odd integers, the last case occurring when d = 11 or d = 187. By conjugating relation (18) and using (19) we get
We easily see that the sequence L n occurring in (20) is a Lucas sequence with the choice α = u + v √ −d and β = u − v √ −d. Further, obviously v | c holds and the prime factors of c belong to {11, 17}. By Lemma 3.2 we conclude that for n ≥ 5 prime the Lucas sequence L n always has a primitive prime divisor except for finitely many exceptions, which are explicitely given in Table 1 of [19] . Consider first the case when L n does not have a primitive prime divisor. Now, a quick look at Table 1 of [19] reveals that we necessarily have
which leads to y = γγ = 3. Hence using (10) we get that 3 5 = x 2 + 11 a 17 b , implying that our equation (10) does not have a solution with n ≥ 5 in this case.
Next consider the case when L n appearing in (20) has a primitive prime divisor p. It is well known, that if such a p exists then it satisfies p ≡ ±1 (mod n), where the sign coincides with
Here · · stands for the Legendre symbol. Clearly p ∈ {11, 17} and hence
Since n ≥ 5 is prime (23) implies that the only possibility for p to be a primitive prime divisor of L n is p = 11 (24) occurring only if n = 5 and d = 17. To finish the proof we have to solve our original equation (10) 
which by L 5 = 5u 4 − 170u 2 v 2 + 289v 4 and c = 11 a/2 17 b−1/2 can be rewritten as
Since u and v are coprime, we have the possibilities
By using (24) and (25) we easily see that the first two cases lead again to the conclusion that L 5 has no primitive prime divisor, which is impossible. So we look at the last two possibilities. If v = ±17 b−1/2 we obtain by (26) that
On dividing both sides of (28) by v 4 we obtain the Ljunggren-type curves
where V ∈ {±1, ±11} and T = u/v, W = 11 a/4 /v 2 if a/2 is even and T = u/v, W = 11 a−2/4 if a/2 is odd. Since v = ±17 b−1/2 we observe that we have to give all the 17-integral points on the curves defined by (29). By using MAGMA we get that the only {17}-integral point on the curves in (29) is (T, W ) = (0, ±17) occurring if V = 1. Since T = u/v this leads to u = x = 0 which is a contradiction in view of (11).
Finally, if v = ±1 we obtain by (26) that
We follow the above approach to get the curves
where V ∈ {1, 11, 17, 187}. By using MAGMA again, we obtain that the only {17}-integral point on the curves in (30) is (T, W ) = (0, ±17), occurring if V = 1, whence we arrive, as above, to x = 0. Hence we may conclude that our equation (10) has no solutions satisfying (11) with n ≥ 5 prime.
Remark. In the case n ∈ {3, 4} we have to search the S-integral points on some elliptic curves written in cubic and quartic models. ). Moreover, in some cases we have to solve an equation of the form F (U, V ) = W , where both V and W are S-units for S = {p 1 , . . . p k } and F is a homogenous polynomial of degree (n − 1)/2. Thus, the last necessary condition is that we can find all the solutions of these equations which in several cases lead to curves of genus 2.
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